DC microgrids are becoming popular as effective means to integrate various renewable energy resources. Constant power loads (CPLs) may yield instability due to the negative impedance characteristic. This paper analyzes the stability of the DC microgrid in presence of CPL. Distributed generations (DGs) are controlled by using a distributed controller which aims at current sharing and voltage recovery. For simplicity, a reduced order model is derived on the fundamental of neglecting the transient state of the DC/DC converter. The purpose of this paper is to analyze stability conditions and give the suggestions to design control parameters. The stability conditions are obtained by using inertia theorem. Moreover, this paper makes a further detailed research based on the existed theorems. S imulation results are provided to verify the effectiveness and validity of the proposed theorem.
I. INTRODUCTION
ICROGRIDs have been identified as key co mponents of modern electrical systems to facilitate the integration of renewable distributed generation units [1] - [4] . Driven by environmental concerns, renewable energy sources are rapidly deployed, such as photovoltaic and wind generation [5] - [6] . Microgrid can be divided into AC microgrid and DC microgrid. Recently, DC microgrid has been attracted more and mo re attention because of its advantage including higher reliability and efficiency, simpler control, stronger robustness and natural interface with renewable energy source and electronic loads [7] . As a result, d istributed mu ltip le DC converters power systems are increasingly used in applications such as aircrafts, spacecrafts, electric vehicles [8] .
Usually, the control objectives of DC microgrid include current sharing and voltage regulation. The system will be easily unstable when connected by a CPL, since its negative impedance characters [9] . In order to achieve current sharing and voltage regulation, there are three main control methods: decentralized control, centralized control and distributed control.
The typical decentralized control is the traditional V-I droop, which is a convenient, inexpensive and efficient method [10] . However, the higher power accuracy will cause the larger voltage deviation. There is a tradeoff between the h igh voltage quality and the accurate power sharing. For this issue, several improved decentralized methods are proposed [10] - [11] .
Centralized control method has been widely used in DC microgrid. The centralized control needs a center control unit and the global commun ication. Then, each DG can realize current sharing and voltage regulation according to the commanders fro m the center controller. There are several typical centralized methods: master-slave control [12] and improved droop control [13] [14] .
Despite a satisfactory performance, centralized control requires comp lex co mmun ication networks, and thus is vulnerable to link failures. To overcome this drawback, the distributed control strategies are proposed. The core of distributed control method is the synchronous algorithm, which only utilizes the neighbor information [15] - [22] . Regarding a microgrid as a mu lti-agent system, each agent represents a converter, and is modeled as a node on a communicat ion graph. Co mpared with centralized control, distributed control strategy only need a sparse communication network spanned across the microgrid [16] . Moreover, current sharing and voltage regulation can be realized via distributed controller [15] - [19] .
There are many researches focus ing on the stability of the system with CPL. The stability of single DC/ DC converter has been studied thoroughly, and there are many methods can stabilize the system. For the sake of that the damp ing can mitigate oscillation, many stabilized methods by increasing impedance are p roposed [23] - [25] . In order to obtain the attraction domain of the fixed point, the method based on semidefinite programing is proposed [26] . Furthermore, the sliding mode control [27] , nonlinear feedback [28] , [29] , phase-plane analysis [30] and Popov criterion [31] are also used to solve this problem. As for multi-converter system, a linearizing state feedback (LSF) control is proposed and the stability is analyzed based on order reduction [31] - [34] . What's more, in order to optimize configuration of energy, current sharing should be taken into account in DC microgrid. For this issue, the stability of the system with CPL under droop control is analyzed [35] - [37] . A reduced-order model is derived in the condition of neglecting the trans ient process [34] [35] . These researches show that if the droop coefficient is larger than the equivalent negative impedance of CPL, the system is stable. In order to improve the accuracy of the CPL model, reference [35] proposes a piecewise model instead of the ideal CPL model. For the purpose of analyzing the transient processes of the converter, a high d imension model is proposed in [37] . By using the quadratic eigenvalue prob lem (QEP) theories [38] , the stability of the linearized system is analyzed, and a wide stability solution is obtained.
To sum up, the stability of DC microgrid with CPLs has been analyzed under the droop control mode. Co mpared with the droop control, the distributed control has better performance. Co mpared with centralized control, distributed control is more reliable and takes less commun ication cost. M But the stability of distributed control method for the system with CPLs has hardly been analyzed. This paper will focus on the behavior of the CPL under distributed control. The main contributions of this paper can be summarized as  This paper proposes a control framework wh ich can not only overcome the instability of CPL, but also realize current sharing and voltage regulation.

The stability of the system is analy zed, and the sufficient stability conditions are obtained.
This paper provides an efficient method for stability analysis of a class of tricky matrices. On the basis of the existed inertia theories, some more detailed theorems are deduced. The rests are organized as follo ws: SectionⅡintroduces the distributed control framework. The stability analysis and the sufficient conditions are introduced in section Ⅲ . The simu lation results are revealed in section Ⅳ . Final conclusions are made in sectionⅤ.
II. DISTRIBUTED CONTROL FRAMEWORK

A. Basical Model and Assumptions
The DC microgrid with mu ltip le parallel DC-DC converters loaded by CPL is shown in Fig.1 . It main ly consists of three components: sources, loads and cables. And it is modeled based on the following assumptions:
1) The respond of buck converter is fast enough, so that the fast dynamics can be neglected. In other words, the DC/DC converters can be treated as ideal controllable voltage sources. 2) The load is an ideal CPL. If the response of output regulating controllers of point of load (POL) converters is fast enough, the POL converters attached load can be regarded as a CPL [37] . 3) The resistance of the common bus is zero, and hence all loads can be regarded as one common CPL. 4) The cable is pure resistive. The reference [35] indicates that the cable inductance has no influence on the system stability and the cable resistance has influence on the system stability. For simp licity, the cable impedance is regarded as pure resistance. For a constant power load, the power balance equation should be satisfied.
where u L represents the voltage of the DC bus, P is the constant power o f the load, and r i represents the resistance of the cable between the i-th DG to the load. Fig.1 shows the mapping of a cyber network to a physical DC microgrid. The nodes represent converters and edges represent the communication link for data exchange. In distributed control, each agent only exchanges information with its neighbors.
B. Graph Theory
A graph is usually represented as a set of nodes V G ={v 1 , v 2 ,…, v n } connected through a set of edges E G =V G ×V G , and an associated adjacency matrix A G =[a ij ]∈ R nn  . n is the nu mber of the nodes. The element of A G represents the communication weights , where a ij >0 if agents i and j are connected through
Laplacian matrix is defined as L=D G -A G , whose eigenvalues determine the global dynamics . For a connected graph, ker(L) = span(1 n ), where 1 n = [1 1 … 1] T [39] . 
C. Stabilizing Distributed Control
In order to realize proportional current sharing and load voltage regulation, a d istributed control method is applied. For overcoming the instability of CPL, it needs some stabilization measures. Since damping can mitigate oscillat ion, this paper takes virtual resistance as the auxiliary stabilizat ion method. And it can also improve the transient performance. Therefo re, the whole control framework is established (see Fig. 2 ). The local voltage set point for each converter can be expressed as
where u i and i i represent the output voltage and current of the The current correction term is designed as
) is a positive gain coefficient, a ij represents the communication weights . If there is a communicat ion link between node i and node j , a ij = a ji >0 and a ij =0, otherwise. Rewriting it in matrix form, it can be expressed as
, and L is the Laplacian matrix of the co mmunication graph. Usually, this is a sparse communicat ion network with at least a spanning tree [15] , [16] . As showed in (4), one of the advantages of this design is to maintain the sy mmetry of the system.
In order to recover the load voltage directly, the voltage regulator can be expressed as
is a commun ication lin k between DG and the DC bus and g i =0, otherwise. In fact, in order to enhance the reliability of the system, it usually needs to take the nearer two or three DGs to part icipate in voltage recovery. Thus can largely save the co mmunication cost in the conditions of maintaining a high reliability. Rewriting (5) in matrix fo rm, it can be expressed as
Co mbin ing (3)(5) with (2), the voltage reference of the DC/DC converter is obtained. And we can transform it into PWM signal to drive the converters. The whole control structure is shown in Fig.2 .
T he control scheme of the syst em. It should be noted that it only need a small number of DGs to sample the load voltage to form a feedback.
D. Steady-State Analysis
According to (2) (4) and (6), the voltage set point can be expressed as
Where u=[u 1 u 2 … u n ] T and C=diag{c i }. In steady state, it yields
where 0 n represents a n-dimension vector with full of zero. 
Proof. Since that K is full rank mat rix, there is a matrix
Since that L is a balanced symmetric Lap lacian matrix, accordingly, ker(L) = span(1 n ), namely, 10 TT nn L  . Then, the following can be derived from (11)
Since 10 TT nn L  , 10 T n LKi  . Obviously, (10) will be true if 0 ii kg   . Substitute (10) into (12) , the following can be obtained 0 n LKi  (13) It is easy to find that   1 n Ki span  , which is equivalent with (9) . The proof is accomplished.
Remark: As Corollary 1 showed, voltage recovery does not need all DGs to carry out, even that only one can realize it. Then, one can take several near DGs to collect the load voltage and thus can save the communication cost.
Note that u * , i * is the output voltage and current vector of the DGs, L u  is the voltage of DC bus when the system is in steady state. Since that u * , i * should satisfy (1) (9) (10), it can be obtained as
III. STABILITY ANALYSIS The below parts will quote two lemmas as 
If M is a real symmetric positive semidefinite matrix and K is a real sy mmetric matrix, all the eigenvalues of MK (KM) will be real [40] [42] . Lemma 3. Schur co mple ments and determinantal formu lae.
Let A is a n-by-n square matrix, and partition A as 11 
A. The Small Signal Approximate Model
As shown in (9) (10) (14), if the system is stable, power sharing and voltage recovery can be accomp lished well. However, the stability of this system in present of CPL is a serious challenge issue.
By differentiating (2), the system dynamic model can be obtained
This is a nonlinear d ifferential-algebra system. According to Hart man-Grob man theorem, the behavior of a dynamical system in a domain near a hyperbolic equilibriu m point is qualitatively the same as the behavior of its linearization near this equilibriu m point [45] . Substituting 16) , then the linear approximation of the nonlinear system can be obtained
According to (17) , the following can be derived
the equivalent resistance of CPL. Substituting (18) into (17) , the normal state can be derived as
where 2 1 T Ln G b r g  . Then, the system Jacobian mat rix is obtained as
B. Stability Conditions
if the real part of every eigenvalue of matrix J 1 is positive, the system is stable. According to the corollaries in reference [37] , matrix Z has one negative eigenvalue and n-1 positive eigenvalues. Since that the load resistance is far larger than the cable resistance and the virtual resistance, then
Similarly, matrix C+Z and (C+Z) -1 has one negative eigenvalue and n-1 positive eigenvalues. Thus, the problem will be difficult. If A is symmetric positive definite and B is general positive definite, it is easy to find that matrix AB is positive stable and mat rix A -1 is one of the Lyapunov solutions. Unfortunately, matrix (C+Z) -1 is not positive definite, that is, it is difficult to use the same method to analyze the inert ia of this tricky matrix. Th is paper will analy ze it and obtain the stability conditions in the next three steps. 
Multiplying through by (C+Z), we obtain
Note matrix N as follow 
Note Q=K -1 (C+Z)K -1 , in fact, matrix Q is contact with matrix (C+Z ), so they sharing the same inertia, that is
Partition Z 1 and L as Obviously, (37) has a zero root, and the others are 23 (43) The proof is accomplished.
Remark:
As demonstrated by the proof, this theorem can solve this kind of inertia problem and obtain the critical condition.
In fact, the sum of the cable resistance and the virtual resistance is far less than the load resistance. So, the eigenvalues of matrix J 2 are all non-negative. However, how is it going when added a rank-one matrix J 3 ? And how do we design the voltage recovery coefficients i g such that matrix J 1 is positive stable? Next, this paper will g ive the answers in the next two theorems. 
According to (44)(46), we can obtain 
Then, all column vectors of matrix P 6 are unitized.
Remark: Since (43) is always satisfied, matrix J 2 is diagonalizable. Th is nature will play a crucial role in the subsequent proof. According to the inertia theorem, if mat rix J 7 is positive definite, J 6 is positive stable [40] . According to the corollary in reference [43] , the eigenvalues of matrix G 1 can be expressed as
According to Cauchy-Schwartz inequality, matrix G 1 has at most one negative root. Then, accord ing to Lemma 4, it is easy to obtain that matrix J 7 has at most one negative eigenvalue, that is, matrix J 7 will be positive definite if and only if the determinant of it is positive. According to Lemma 5, the determinant of matrix J 7 can be obtained as       Obviously, it is an implicit condition and we can not get any more availab le information about how to design a stable DC microgrid. So, it will be useful and convenient if we find out the explicit relationship between stability and system coefficients (including control and physical coefficients). Since       
The scalar T can be expressed as
According to Sherman-Morrison formula [43] , the inverse of mat rix C+Z can be expressed as  
Substituting (57) in (56), the follow can be obtained
Since the sum of the cable resistance and the virtual resistance is far less than the absolute value of load resistance (r L is the negative impedance of the CPL), that is,
Then, T  is positive, and condition (55) Remark: It is difficult to obtain the necessary and sufficient stability conditions. By strictly theoretical deduction, some analytical stability conditions a obtained. Inequality (49) is a necessary condition, and (50) is a conservative sufficient condition. According to (50), we can find that a larger b 1 will enhance the stability of the system.
IV. SIMULATION
To verify the aforementioned analysis, simu lation studies are carried out in MATLAB/ Simu lin k. A med iu m-voltage DC microgrid structure is prototyped in Fig.3 ,. The communicat ion links are assumed bidirect ional to feature a balanced Laplacian matrix. Each source is driven by a buck converter. All the sources only supply a common CPL by the DC bus. All electrical parameters of the microgrid are provided in Table. 1. Fig.4 shows that the results in (49) (50) are true. Co mpared with Fig.4(b) , Fig.4(a) reveals that a larger b 1 could enhance the system stability and imp rove the transient behavior. Moreover, by comparing Fig.4(b) , Fig.4(d) with Fig.4(c) , we can find that the system is stable when 1 0  .
V. CONCLUSIONS
This paper analyzes the stability of the DC microgrid with CPL under distributed control mode. A sufficient stability condition is obtained by strictly theoretical deduction. In the deduction process, some conclusions about one class of inert ia problem are obtained. Ho wever, the necessary and sufficient conditions of the system stability are not obtained.
In the assumption part, the system model is based on ignoring the cable impedance, so there is a slight model error. In some cases, a larger cable impedance may not be neglected. In addition, the load will be a co mplex network with negative impedance instead of a whole CPL. Then, we will analy ze these stability problems and extend the practical application in the future work.
